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Abstract

It is well documented that directed motion of cells is influenced by substrate stiffness. When cells are cultured on a substrate of graded

stiffness, they tend to move from softer to stiffer regions—a process known as durotaxis. In this study, we propose a mathematical model

of durotaxis described as an elastic stability phenomenon. We model the cytoskeleton (CSK) as a planar system of prestressed elastic line

elements representing actin stress fibers (SFs), which are anchored via focal adhesions (FAs) at their end points to an elastic substrate of

variable stiffness. The prestress in the SFs exerts a pulling force on FAs reducing thereby their chemical potential. Using Maxwell’s

global stability criterion, we obtain that the model stability increases as it is moved from a softer towards a stiffer region of the substrate.

Numerical simulations reveal that elastic stability of SFs has a predominantly stabilizing effect, greater than the stabilizing effect of

decreasing chemical potential of FAs. This is a novel finding which indicates that elasticity of the CSK plays an important role in cell

migration and mechanosensing in general.

r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Cell migration is essential for many physiological
processes including morphogenesis, wound healing and
tumor metastases (cf. Ridley et al., 2003). To accomplish
certain physiological tasks, cell motion must occur in a de-
fined direction. Directional movements of cells are guided
by various environmental stimuli, including substrate
chemicals, light, gravity and electrostatic potential. Recent
studies have revealed that cell movements are also guided
by substrate rigidity—a process known as durotaxis (Lo
et al., 2000; Wong et al., 2003).

It is widely accepted that cell migration relies upon
forces generated within the actin cytoskeleton (CSK) and
applied to the extracellular matrix via focal adhesions
(FAs) (cf. Mitchison and Cramer, 1996; Pelham and Wang,
1997; Sheetz et al., 1998; Li et al., 2005). Sheetz et al. (1998)
hypothesized that cell migration relies on the stabilization
of FA-CSK contacts and the generation of force on those
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contacts to overcome the resistance to migration. They
argued that the strength of FA contacts depends on the
substrate rigidity and therefore, cells could use it to direct
their migration. Lo et al. (2000) provided experimental
evidence for the substrate rigidity-dependent cell migra-
tion, a process they referred to as durotaxis. These authors
explained their findings as follows: cells send local
protrusions, mainly composed of actin, to probe substrate
stiffness using their contractile apparatus. Those protru-
sions that land on stiff substrate regions receive strong
feedback and remain stable and anchored to the substrate.
Those that land on soft substrate regions receive weak
feedback, have mobile anchorages and become unstable.
This creates a bias that guides cell movement from softer
towards stiffer substrate regions.
Cells’ responses to active mechanosensing of their micro-

environment have been studied as elastic stability phenom-
ena (cf. Wang, 2000; Bischofs and Schwarz, 2003;
Lazopoulos and Stamenović, 2006). Bischofs and Schwarz
(2003) showed that these responses could be explained
from one unifying principle, namely that cells that adhere
to stiffer substrates invest a smaller mechanical work by
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Fig. 1. A schematic depiction of a stress fiber (SF), focal adhesion (FA)

and substrate interaction (top) and the corresponding free-body diagram

(bottom). hFA is the height of the FA; F is the pulling force exerted by the

SF on the FA; s is the corresponding stress in the SF and ASF is the cross-

sectional area of the SF; t is the stress within the FA produced by F; AFA

is the contact area over which F is transmitted to the FA and also the

contact area between the FA and the substrate; tAFA is the force

transmitted by the FA to the substrate.
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their contractile apparatus to build up a certain force than
cells that adhere to softer substrates. Using a similar idea,
we develop in this study a mathematical model that
describes durotaxis as an elastic stability phenomenon.
Since the interplay between contractile actin and FAs is
essential for cell migration, we focus on the stability of a
system comprised of actin stress fibers (SFs) anchored
via FAs to an elastic substrate of variable stiffness.
We find that the model becomes more stable when it is
moved from softer towards stiffer substrate regions and
less stable when it is moved from stiffer to softer substrate
regions. This may explain the observation that cells always
migrate in the direction of increasing substrate stiffness
and never in the opposite direction (Lo et al., 2000; Wong
et al., 2003).

2. Model

We model the CSK as a planar system of actin SFs,
anchored at their endpoints to an elastic substrate via FAs.
We assume that SFs carry initial tension that is transmitted
to the substrate via FAs and balanced by substrate traction
forces, as observed in living cells (Wang et al., 2001). We
further assume that dimensions and elastic properties of all
SFs are uniform, that dimensions and the chemical
potential of all FAs are uniform, that different SFs do
not share common FAs and that tension in all SFs is
always the same. Taken together, these assumptions imply
that properties of the network are completely determined
by the properties of a single SF and the adjacent FAs. We
want to show that when the model is moved from a softer
towards a stiffer substrate region, it gains stability and
when it is moved from the stiffer to the softer substrate
region, it loses stability.

2.1. Actin stress fibers

Actin SFs are envisioned as elastic line elements which
carry initial tensile stress (prestress) and prestrain. In living
cells, this tension is primarily due to the action of
contractile motors (Deguchi et al., 2006). In our model,
tension in the SFs is generated by their passive elastic
distension (i.e., prestraining). If SFs were stretched and
then anchored at their end points to a rigid substrate, their
prestrain would be e0. Since they are anchored to a
deformable substrate, then e0 is reduced by strain e due to
distortion of the substrate caused by the pulling action of
the fiber prestress s. Thus, the net fiber strain is e0�e. The
total potential energy (USF) of the SF is

USF ¼W ð�0 � �Þ � s� ð�0 � �Þ, (1)

where W( � ) is a strain energy function per unit resting
volume (V0) of the SF. Biomechanical measurements on
isolated SFs show that under tension they exhibit stiffening
such that their stiffness increases from 1.45MPa at zero
strain, to 109MPa at the maximal (breaking) strain of
�200% (Deguchi et al., 2006). Thus, we assume W( � ) to be
of the following form:

W ¼
1

2
a1ð�0 � �Þ

2
þ

1

4
a2ð�0 � �Þ

4, (2)

where a1 and a2 are material constants. From the
experimental stress–strain curves for SFs, we estimate that
a1 ¼ 1.45MPa and a2 ¼ 9MPa.

2.2. Focal adhesions

Shemesh et al. (2005) described FAs as a molecular
aggregate subjected to a pulling contractile force (F) which
alters their chemical potential. Assuming that the stiffness
of the FA aggregate is much greater than the magnitude of
the stress (t) within the aggregate produced by F, and that t
is uniformly distributed, the chemical potential (C) per unit
volume (v0) of the aggregate can be described by the
following relationship:

C ¼ C0 � t, (3)

where C0 is the chemical potential per unit volume in the
absence of the pulling force. In our model, F is provided by
s (Fig. 1).

3. Stability analysis

We define the total potential (U) of our model as follows:

Uð�Þ ¼ nUSFð�Þ þ 2fnðC0 � tÞ, (4)

where n is the total number of SFs, 2n is the total number
of FAs and f ¼ v0/V0. Since U attains minimum at
equilibrium, qU/qe ¼ 0 and it follows from Eqs. (1) and
(4) that

qU

q�
¼ n

qW

q�
þ s

� �
¼ 0. (5)

By combining Eqs. (2) and (5), we obtain that

s ¼ a1ð�0 � �Þ þ a2ð�0 � �Þ
3. (6)
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Since t is generated by the pulling action of s, it follows
that s=fAt, where fA is a scaling factor that accounts for
the difference in the cross-sectional area of the SF (ASF)
and the area of FA (AFA) over which the pulling force is
transmitted, i.e., fA=AFA/ASF (Fig. 1). Furthermore,
f ¼ fLfA, where fL is the ratio of the average height of
the FA (hFA) and the undeformed length of the SF (LSF),
i.e., fL ¼ hFA/LSF. Thus,

ft ¼ fLfAt ¼ fLs. (7)

By combining Eqs. (1), (2), (4), (6) and (7), we obtain

U ¼ � n
1

2
a1ð�0 � �Þ

2
þ

3

4
a2ð�0 � �Þ

4

� �

þ 2nffC0 � fL½a1ð�0 � �Þ þ a2ð�0 � �Þ
3
�g. (8)

We assume that eoe0, i.e., that SFs are under tension all
the time.

We first consider the case where the substrate is divided
into two regions, S1 and S2, of different stiffness with a
clearly defined boundary that separates them, like in the
experiments of Lo et al. (2000). Suppose that initially the
fiber system is entirely anchored to the soft region of
the substrate, say S1. The corresponding e ¼ e1. By substi-
tuting e1 into Eq. (8), we obtain the total potential
U1�U(e1). Consider a cell that migrates from S1 to the
stiffer region of the substrate, S2. When the cell comes near
the boundary that separates S1 and S2, it protrudes a
lamellipodium across the boundary to probe stiffness of S2.
In our model, we mimic this as if ion (iX1) SFs extend
across the boundary and anchor only one of their FAs to
S2, while their other FAs remain anchored to S1. Since S2 is
stiffer than S1, the strain in the i protruding SFs becomes
e0�e1,2, where e1,2oe1, while in the remaining (n�i) SFs the
strain remains unaltered, i.e., e0�e1. The corresponding
total potential, Ū1, is

Ū1 � Uð�1; �1;2Þ ¼ ðn� iÞUSFð�1Þ þ iUSFð�1;2Þ

þ 2f½nC0 � ðn� iÞt1 � it1;2�. (9)

Equilibrium demands that qŪ1=q�1 ¼ 0 and qŪ1=
q�1;2 ¼ 0. Taking this into account and following the same
steps as in Eqs. (5)–(7), we obtain from Eq. (9) that

Ū1 ¼ � ðn� iÞ 1
2
a1ð�0 � �1Þ

2
þ 3

4
a2ð�0 � �1Þ

4
� �

� i 1
2
a1ð�0 � �1;2Þ

2
þ 3

4
a2ð�0 � �1;2Þ

4
� �

þ 2fnfC0 � ðn� iÞfL½a1ð�0 � �1Þ þ a2ð�0 � �1Þ
3
�

� ifL½a1ð�0 � �1;2Þ þ a2ð�0 � �1;2Þ
3
�g. (10)

We then apply a global (Maxwell’s) stability criterion to
the model (cf. Ericksen, 1991). According to this criterion,
an elastic system assumes a stable equilibrium configura-
tion where the total potential attains its global minimum.
By comparing U1 and Ū1 (Eq. (10)) and taking into
account that e1,2oe1oe0, we obtain that Ū1oU1 and
thus, by the global stability criterion, the configuration
corresponding to Ū1 is more stable than the one
corresponding to U1. Thus, the cell will favor migration
from S1 towards S2.
As the cell migration across the boundary between S1

and S2 progresses, at some point k SFs become anchored to
S2, m SFs to both S1 and S2, and (n–m–k) SFs remain
anchored to S1, where iomon, kon. The corresponding
total potential, U1,2, is given as follows:

U1;2 � Uð�1; �1;2; �2Þ ¼ ðn�m� kÞUSFð�1Þ

þmUSFð�1;2Þ þ kUSFð�2Þ

þ 2f½nC0 � ðn�m� kÞt1 �mt1;2 � kt2�, (11)

where e2oe1,2oe1 and the strain in the m SFs that are
anchored to S2 becomes e0�e2. Equilibrium demands that
qU1;2=q�1 ¼ 0, qU1;2=q�1;2 ¼ 0, and qU1;2=q�2 ¼ 0. Taking
this into account and following the same steps as in
Eqs. (5)–(7), we obtain from Eq. (11) that

U1;2 ¼ � ðn�m� kÞ 1
2a1ð�0 � �1Þ

2
þ 3

4a2ð�0 � �1Þ
4

� �
�m 1

2
a1ð�0 � �1;2Þ

2
þ 3

4
a2ð�0 � �1;2Þ

4
� �

� k 1
2
a1ð�0 � �2Þ

2
þ 3

4
a2ð�0 � �2Þ

4
� �

þ 2fnfC0 � ðn�m� kÞfL½a1ð�0 � �1Þ

þ a2ð�0 � �1Þ
3
� �mfL½a1ð�0 � �1;2Þ

þ a2ð�0 � �1;2Þ
3
� � kfL½a1ð�0 � �2Þ

þ a2ð�0 � �2Þ
3
�g. (12)

By comparing U1,2 (Eq. (12)) and Ū1 (Eq. (10)), and
taking into account that e2oe1,2oe1oe0, we obtain that
U1,2oŪ1 and thus, by the global stability criterion, the
configuration corresponding to U1,2 is more stable than the
one corresponding to Ū1. Thus the cell will still favor
migrating towards S2.
Finally, the entire cell crosses the boundary between S1

and S2 such that all n SFs are completely anchored to S2.
Using the same steps as above, we obtain the correspond-
ing total potential, U2, as follows:

U2 � Uð�2Þ ¼ nUSFð�2Þ þ 2fnðC0 � t2Þ. (13)

Using the equilibrium requirements qU2/qe2 ¼ 0 and the
steps from Eqs. (5)–(7), we obtain from Eq. (13) the same
expression as Eq. (8) with e2 replacing e. By comparing U2

and U1,2 (Eq. (12)) and taking into account that
e2oe1,2oe1oe0, we obtain that U2oU1,2 and thus, by the
global stability criterion, the configuration corresponding
to U2 is more stable than the one corresponding to U1,2.
Thus the cell will still favor migrating towards S2.
Consider now migration from S2 towards S1. When the

cell comes close to the boundary that separates S1 and S2, it
will protrude a lamellipodium across the boundary to
probe stiffness of S1. Then, following the same procedure
as in Eqs. (9) and (10), we obtain the total potential Ū2 �

Uð�2; �1;2Þ of the same form as Eq. (10), with e2 replacing e1.
By comparing Ū2 and U2 and taking into account that
e2oe1,2, we obtain that U2oŪ2 and therefore, by the
Maxwell’s global stability criterion, the configuration
corresponding to U2 is more stable than the one
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corresponding to Ū2. Thus, the cell would tend to remain
anchored to S2.

We next consider the case where substrate stiffness (Es)
continuously increases in one direction, like in the experi-
mental study of Wong et al. (2003). In that case, strain
e will continuously decrease with increasing Es, i.e.
de/dEso0. Thus by taking the derivative of U (Eq. (8))
with respect Es, we obtain

dU

dEs
¼ n½2fLa1 þ a1ð�0 � �Þ þ 6fLa2ð�0 � �Þ

2

þ 3a2ð�0 � �Þ
3
�
d�

dEs
. (14)

Since all terms in the angular parentheses on the right-
hand side of Eq. (14) are positive, it follows that dU/
dEso0, since de/dEso0, and therefore U decreases with
increasing Es. According to Maxwell’s criterion, decreasing
U implies that stability increases. Thus, the cell will tend to
migrate from the softer towards the stiffer region of the
substrate and not in the opposite direction, which is
consistent with experimental observations (Wong et al.,
2003).
Fig. 2. Numeric simulations of changes in the total potential (U�2nfC0)

of the model as the cell migrates from the soft substrate region S1 (stiffness

Es ¼ 14 kPa) to the stiff substrate region S2 (Es ¼ 30 kPa); 2nfC0 is a

constant that indicates the chemical potential of focal adhesions (FAs) in

the absence of pulling force. As the cell moves from S1 to S2, U�2nfC0

decreases and the cell gains stability until it completely crosses the

boundary that separates S1 from S2. Thus cell will favor migration from

the softer to the stiffer substrate region. If the cell tends to migrate from S2

to S1, U�2nfC0 will increase and the cell will lose stability. Thus, the cell

will not favor migration from the stiffer to the softer substrate region. The

arrows indicate the direction of migration. These results are consistent

with experimental observations (Lo et al., 2000).
4. Numerical results

To obtain quantitative values of the total potential, we
first estimate the model parameters using data from the
literature as follows: Balaban et al. (2001) measured that
the force exerted on a single FA is F ¼ 10 nN and the
corresponding constant stress within the FA is t ¼ 5.5 kPa.
Since the cross-sectional radius of SFs is rE100 nm
(Deguchi et al., 2006), we obtain the corresponding
s ¼ F/pr2 ¼ 320 kPa (Fig. 1). From this value of s and
experimental data for stress–strain behavior of individual
SFs (Deguchi et al., 2006), we obtain that e0 ¼ 0.22.

To calculate strain e due to the compliance of the
substrate, we assume that a SF and the substrate are like
springs mechanically in series, i.e., two substrate springs of
undeformed length Ls attached to each end of the SF
spring of undeformed length LSF, with the other ends of the
substrate springs held fixed. The SF spring is prestrained to
e0 ¼ 0.22, and the corresponding force in the spring is
F ¼ 10 nN, prior to being connected to the two substrate
springs. By considering equilibrium of this system, we
obtain e as follows:

� ¼
2�0

2þ Es

ESFfA

LSF

Ls

, (15)

where Es and ESF are the elastic moduli of the substrate
and the SF, respectively. To estimate fA, we use Eq. (7)
and obtain that fA ¼ s/t ¼ 320/5.5 ¼ 58.2. We choose ad

hoc LSF ¼ 20 mm and Ls ¼ 1 mm. ESF ¼ 1.45MPa is
obtained from the experimental data of Deguchi et al.
(2006). Using the values for Es of 14 kPa for S1 and 30 kPa
for S2, as in the experiments of Lo et al. (2000), we
calculate e1 ¼ 0.037 and e2 ¼ 0.017. We chose ad hoc

e1,2 ¼ 0.027.
To estimate fL, we assume that the average FA

thickness is approximately equal to the diameter of the
SF, i.e., hFA ¼ 0.2 mm. Thus, fL ¼ hFA/LSF ¼ 0.01.
We do not have experimentally based estimates for C0.

However, since in our model C0 is an additive constant to
the total potential, it has no effect on changes of the
potential and thereby on stability.
To complete our calculations, we assign the following

arbitrary values to the number of elements, n ¼ 100,
m ¼ k ¼ 33, i ¼ 10.
Using the above parameter values, we first calculate U1,

Ū1, U1,2, U2 and Ū2 from Eqs. (8), (10) and (12). A schematic
depiction of cell migration from S1 to S2 shows how the total
potential decreases as the cell crosses the boundary between
S1 and S2 (Fig. 2). This gaining of stability in the direction of
increasing substrate stiffness is consistent with the direction of
cell migration (Lo et al., 2000). Migration in the opposite
direction, from S2 and S1, leads to an increase in the total
potential, stability loss, and thus the cell will not migrate in
this direction (Fig. 2), consistent with the experimental
observations (Lo et al., 2000).
In the case of gradient stiffness substrates, we obtain a

relationship between U and Es as follows. We use data
from the study of Wong et al. (2003), where cells were
cultured on 9-mm radius (R) circular substrates whose
stiffness gradually increased in the radial direction, from
2.5 kPa near the perimeter of the circle to 11.5 kPa near its
center. Assuming a linear dependence between Es and R,
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we obtain Es ¼ 2.5+R in kPa. By substituting this
relationship into Eq. (15), we obtain e as a function
of R. By substituting such obtained e vs. R relationships
into Eq. (8), we obtain a U vs. R relationship. By cross-
plotting the U vs. R and the Es vs. R relationships, we
obtain a U vs. Es relationship (Fig. 3). We find that U

decreases with increasing Es, indicating that the model
gains stability in the direction of increasing substrate
stiffness, which is consistent with the observed direction of
cell migration (Wong et al., 2003).
Fig. 3. The total potential of decreases with increasing substrate stiffness

(Es) indicating that stability also increases; FA (dash-dot-dash curve)

indicates the contribution of focal adhesions; SF (dashed curve) indicates

the contribution of stress fibers; and SF+FA (solid curve) indicates the

contribution of both. The calculations are carried out based on Eq. (8),

not including the constant 2nfC0, indicative of the chemical potential of

FAs in the absence of pulling force. The decrease of the total potential is

consistent with experimental data on substrates with gradient stiffness

which show that cells migrate in the direction of increasing Es (indicated

by the arrow) and not in the opposite direction (Wong et al., 2003).

Fig. 4. Pulling force (F) of the stress fiber produces stress (t) within the

focal adhesion. The model predicts that both F (solid line) and t (dashed

line) increase with increasing substrate stiffness (Es). Quantitatively, these

predictions are consistent with experimental data from living cells

(Balaban et al., 2001).
We also calculate the relative contributions of SFs and
FAs to U and how these contributions depend on Es (Fig. 3).
We find that both the elastic potential of SFs and the
chemical potential of FAs decrease with increasing Es and
that the contribution of SFs is predominant (Fig. 3). The
decrease in the chemical potential with increasing Es results
from the increasing FA stress t (Eq. (5)), generated by the
pulling force F of SFs (Fig. 4). Importantly, the predicted
values of t and F (Fig. 4) fall in the range of experimentally
measured values (Balaban et al., 2001).

5. Discussion

We propose a mathematical model that describes durotaxis
as a stability phenomenon. According to the model, the stiffer
the substrate, the greater the stability of SFs and FAs. Since
stable configurations are energetically less costly, they would
increase the cell’s functional efficiency and therefore cells
would favor more stable over less stable configurations.
Consequently, on a substrate of variable stiffness this
preference for a stable configuration would result into a
directional cell motion from softer towards stiffer regions.
The model shows that elasticity of the actin network is a

dominant stabilizing mechanism during durotaxis, whereas
the strengthening of FAs appears to have a relatively minor
contribution. This is a novel finding since in previous
studies strengthening of FAs via contractile forces has been
viewed as a key stabilizing mechanism (Pelham and Wang,
1997; Sheetz et al., 1998; Lo et al., 2000; Discher et al.,
2005; Jiang et al., 2006).
There are a number of simplified and ad hoc assumptions

in the model, including the assumed uniformity of
geometry, material properties, structural organization and
prestress distribution as well as the dimensionality of the
network. For example, uniform prestress distribution of
SFs implies that the cell remains under uniform mechanical
distension during durotaxis, and thus microstructural
geometry and its connectedness need not be specified. This
certainly is not the case since the cell alters its shape as it
migrates. To account for the shape distortion, intercon-
nectedness and structural geometry of the network are
needed. While this would certainly affect the stability
analysis, we believe that the outcome would be the same as
in the present model, i.e., that with increasing substrate
stiffness the model would gain stability.
We omit the potential contribution of other CSK

components, especially microtubules that are essential for
cell migration. Microtubules provide polarity to migrating
cells, and in that process they mechanically interact with the
actin CSK in the base of lamellipoda. This is indicated by
their buckling as they exert push against the contractile actin
(Waterman-Storer and Salmon, 1999). If we view micro-
tubules as compression-supporting elements that resist
contraction of the actin network, then one would expect
their elastic potential to increase with increasing substrate
stiffness, since the resistance to the contractile stress would be
increasingly provided by FAs (Hu et al., 2004). This, in turn,
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implies that microtubules would have a destabilizing effect
during durotaxis. When we include the contribution of
microtubules into our model and then carry out the stability
analysis, we find that their destabilizing effect is minor in
comparison to the stabilizing effect of SFs. In order to
maintain mathematical clarity and transparency, we omit the
contribution of microtubules from the model.

While our model may be reasonable for describing
durotaxis in two-dimensional cell cultures, where SFs are
prominent and FAs are discrete entities, it may not be
appropriate for three-dimensional cell cultures which often
lack SFs and discrete FAs (Grinnell et al., 2003; Friedl and
Bröcker, 2000). On the other hand, experimental studies of
durotaxis were carried out in two-dimensional cultures (Lo et
al., 2000; Wong et al., 2003) and therefore, our model seems
to be a good approach for two-dimensional cultures.

Model parameters are estimated based on experimental
data from the literature. In the absence of experimental
data, some parameter values are chosen ad hoc, like the
length of SFs and dimensions of FAs. Despite this
arbitrariness, the quantitative predictions of the model
(Fig. 4) are consistent with measurements in living cells,
suggesting that the selected parameter values are reasonable.

We have used previously a similar stability analysis to
study cell reorientation in response to static substrate
stretching (Lazopoulos and Stamenović, 2006; Lazopoulos
and Pirentis, 2007). We have shown that cells tend to orient
either parallel with or away from the direction of the
principal substrate strain, depending on the level of SF
prestrain and on their constitutive properties. It is feasible
that a similar approach can be used to study cellular
response to substrate material anisotropy. Using a
minimum contractile work argument, Bischofs and
Schwarz (2003) showed that cells would always align with
the direction of the maximal substrate stiffness, which is
consistent with experimental data (Saez et al., 2007).

In summary, despite its simplicity and limitations, our
model provides a physically plausible and mathematically
transparent explanation of durotaxis as an elastic stability
phenomenon. It shows that the elastic stability of SFs is a
major stabilizing factor during durotaxis. This model can
be used in future investigations of various types of cell
mechanosensing phenomena.
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